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The heat  conduction p rob lem for  a ha l f - space  and a plate with a t ime dependent coefficient  
of heat  exchange is  solved.  The solution is obtained by the combined uti l ization of an op-  
e ra t ional  and a succes s ive  approximat ions  method.  

A special  c l ass  of heat  conduction p rob l ems  with var iab le  thermophys ica l  coeff ic ients ,  p rob l ems  with 
a t ime-dependent  heat  exchange coeff icient ,  ex i s t s .  I t  is meaningful to examine these p rob l ems  in the case  
when the heat  exchange coeff icient  depends cons iderab ly  m o r e  essen t i a l ly  on the t ime than on the t e m p e r a -  
ture  or  coordina tes .  The p r o c e s s  of heat  exchange of a meta l  being ro l led  with b e a m s  and a surrounding 
medium is  an example .  During the pas s  the coefficient  of heat  exchange between the meta l  and the b e a m s  
has the o rde r  of magnitude 5000 W / m  2" deg [1]. As a ru le ,  the t ime the meta l  is on the b e a m s  does not ex -  
ceed  0.1 sec .  The coeff icient  of heat  exchange between the meta l  and the surrounding medium between 
p a s s e s  has a magnitude of around 200 W / m  2. deg. The t ime between p a s s e s  does not exceed seve ra l  tens 
of seconds.  It  is  conceivable  that  the dependence of the heat  exchange coefficient  on the t e m p e r a t u r e  of the 
me ta l  sur face  can be neglected during such shor t  t ime in te rva l s .  The t ime dependence of the hea t -exchange  
coeff icient  is cons iderably  more  essen t ia l .  

Bes ides  the technological  r easons  for the t ime  change in the hea t -exchange  coefficient  there  is a num-  
b e r  of o the r s ,  namely:  the change in the physical  c h a r a c t e r i s t i c s  of the heat  c a r r i e r  (the veloci ty  of motion,  
the degree  of b l ackness ,  the densi ty,  etc.) or  the t ime change in the s ta te  of the sur face  of the body being 
heated (oxidation, dust contaminat ion,  f i s sur ing ,  etc.) .  

I .  Semi-Inf ini te  Body. Let  us consider  the t e m p e r a t u r e  of the surrounding med ium to be constant  T c. 
The hea t -exchange  coefficient  on the boundary of the ha l f - space  is t ime dependent. Let  us a s sume  that this 
dependence can be approx imated  by the s e r i e s  

a (t) = X ~ exp (--  b~t). (1) 
n=l 

We obtain a function of the t e m p e r a t u r e  field by solving the heat  conduction differential  equation 

Ov O~v 
- -  (2)  

a~ aH 2 

under  the boundary conditions 

Ov 
= kn exp  ( -  - ( v ) . = 0 ] ,  

H=0 
n~l  

U IH=o= "--~ V,= ~--- c o n s t ,  

U ]z=O ~" U .  

The s y s t e m  (2)-(5) is  r e p r e s e n t e d  in d imens ion less  fo rm.  

Let  us apply the L a p l a c e -  Carson  in tegra l  t r a n s f o r m  to (2), whereupon we obtain 

(3) 

(4) 
(5) 
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v(p, H) - -  O= = A(p) exp (-- Vp-H). (6) 

Let us transform condition (3) 

A(P)+ Z ~-(p+~ ' )  P;-~-~ = Z  v:. 
t / = l  / 7 ~ 1  

We solve the functional equation (7) by success ive  approximations.  To do this, let  us introduce the 
provisional  pa rame te r  ~ which charac te r izes  the degree of the approximation, and let  us represen t  (7) as 

~ (p) + ~. ~_A~(p @ ,,, ) l~.p + ~Vp- = ~ P + V~P-v" (8) 

n = l  n = l  

and let  us expand the constant A(p) in powers  of 

A(P) = A0 (P)+ ~A~ (P) + ~ 2  (P) + . . .  (9) 

Substituting (9) into (8) and equating coefficients of identical powers  of ~, we obtain the approximation 
for A(p). In par t icular ,  if we l imit  ourse lves  to the f i r s t  member  of the se r i e s  f rom (7) we will have 

V'p- ( 1 0 )  
~o (p) =~: p + 13----T' 

(p) = . v: e P 
V" P + ~ (P-t- 2~,) ' (11) 

(p) = ~2 + p 
s 

]/iP + ~,) (P +2[~) (p + 3~) (12) 

etc.  For  the k- th  approximation 

A-~ (p) = ( -  1)k v: Vfi- 
V(p + ~,) (p + 2~,) . . .  (p + k~) [p + (k + 1) 13,] ' (13) 

Correspondingly we obtain the approximation to solve the formulated problem in the t ransform domain 

where 

[~(p, H) - v=]0 - ~0 (p, ~), 
[b-(p; H ) - v ~ ] , - ~ ( p ,  ~ ) +  ~,(p, H), 

[v(p, H) --v.]2=-~o(p, H) + v~(p, H) + v2(p, n), 
. . . . . . . . . . . . . . . . . . . . . . .  o 

[ v- (p, H) -- v=],~ =- v o (p, H)+ v~ (p, H) + v-2 (p, H) + . -[- ~ (p, H), 

v 0 (p, H) = A o (p) exp (-- ].Pp- H); 

v t (p, H) = A1 (P) exp (-- Vp-H); 

v2( p, H) = A2 (P) exp (-- |fp-H); 
. . . . . . . . . . . .  . . . , 

vh (p, H) = A~ (p) exp (-- ~ p-H). 

Seeking the pr imit ive of (18)-(20) we obtain an approximation for  the function Vk(Z , H) 
,g 

Vo (~, H)  = v~ . f  exp (-- [3it ) (I) 1 (~c - -  t )  dr, 
0 

T 

v~ (~, H) = - -  v' ~t- exp (--2~t) err (i V~it)_ o~ (~ - t) dt, 
| .+, i ~'I~I 

0 

T 

v+ (+, V-l) = v" J' + t  (+ - -  t) +2 (t) dt 
0 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

etc., where 
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exp -- (25) 
o ~  ( t )  - _ ; 

}! nt 

CI)2(t ) = S e x p ( - - 3 ~ l y ) e x p  [--~32 ~ t ( t - - y ) ] / o I ~ - ( , ' y ) ]  . .  (26) 
0 

We find the app rox ima t ion  of the d e s i r e d  t e m p e r a t u r e  d i s t r ibu t ion  funct ion within the h a l f - s p a c e  f r o m  
the following re la t ionsh ips :  

[v(~, H)--V| H)=*o, 
.[v (~, H) - -v• ] ,  -- re(X, H) + vl@, H) = , , ,  

[v (~, H) -- v| -- vo (x, H) + v 1 (~, H) + v, (~, H) = *z, 

e tc .  

An analysis of (22)-(24) indicates the satisfactory convergence of the iteration. Presented in Figs. 
la and b are values of approximations of the temperature function tk, computed as a function of the dimen- 
sionless time for the points H = 0.707 and H = 2 when vr162 = 0, v"  = 1, fil = 1. It is seen from the figures 
that the zero and first approximations "bracket" the second approximation, the first and second approxima- 
tions "bracket" the third approximation, etc., which permits us to limit ourselves to the second approxima- 
tion with sufficient accuracy for practical purposes. 

It should be noted that there are no difficulties, in principle, in obtaining the solution of the heat con- 
duction problem elucidated, keeping n terms of the series in the functional equation, although the final ex- 
pressions for the approximations of the temperature function are more tedious to obtain than in the case 

considered when n = 1. 

If. Infinite Plate. The temperature of the surrounding medium is T c. The coefficient of heat ex- 
change is defined by the relationship (1). We solve the problem of internal heat exchange for a plate by an 
analogous method to that expounded above, i.e., we solve the heat conduction differential equation 

Ov _ 02Fo (27) 
O Fo OX ~ 

unde r  the boundary  condi t ions  

OXOV]x=, = Bii exp (-- 6i F~ [1 - -  (V)x=' ] '  

Ov I =0, 
OX x=0 

v [Fo=O = Vo = const 

by  l imi t ing  o u r s e l v e s  to the f i r s t  m e m b e r  of the s e r i e s  in (1). 

tain 

(28) 

(29) 

(30) 

Let  us apply the L a p l a c e - C a r s o n  t r a n s f o r m a t i o n  to (27). Af ter  us ing  condi t ions  (29) and (30) we ob-  

v(p, X) --v0 = A(P) ch ~rp-X. 

The boundary condition (28) takes the form 

~ ( p ) + A - ( p + 6 , )  Bi~V'p c h I / p + 6 1  Bi, v<-PVo 
p -)- 6, sh )/p- (p + 6,) sh ) /p-"  

We solve  the funct ional  equat ion  (32) by the same  method  as  fo r  (7). 

(31) 

(32) 

Without  p r e sen t ing  the i n t e r m e d i -  
ate ope ra t i ons ,  le t  us give the app rox ima t ion  fo r  the solut ion of the p r o b l e m  in the t r a n s f o r m  domain  

[~(p, X) - -  v0]0 -- v~ Co, X) = ~o, (33) 

[v-(p, X)--vo]!  -~ re(P, X) --t- v-,(;, X) = ~ , ,  (34) 

[b-(p, X)--vo]2~V-o(P, X)+ ~(p, X)3rv2(p, X) ~ 2 ,  (35) 
. . . . . .  . . . . . . . .  . . . . . . . . . . .  ) 
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~3 

b 

0,2 

0 
~a ~6 2.0 T 

Fig. 1. Time vartat ton of the approximations 
of the dimensionless temperature  at the point 
H = 0.707 (a) and H = 2,0 (b) of a half-space.  

where 

k 

x ) - V o ] , - =  (p, x)  = 
0 

vo(P, X)=vo Bi, V-p-chV-KX_, 
(p+  61) sh ~'p 

(p, X) --  vo Bi~ ~ /p  cth V p + 61 ch ]fp-X 
t "  p + 5((p ,+ 250 sh ~ p 

v~(p, X) = vo Bia ~"p-cth 1/Pd- 6, cth v p +  26, ch l"p-X 
I" (P -t- 60 (P + 26,) (p ,4- 360 sh V-p- 

where 

Correspondingly,  we have in the domain of the real  variable 

k 
[, (Fo, X) -- ~'o]~ = ~ ~ (Fo, X) = %, 

o 

vo (Fo, X) = Bi i v~f t (X, ~ ,  Fo), 

v 1(Fo, X) : - -Bier 'o f  2 (X, 8~, 26i, Fo), 

and 

v~ (Fo, X)  = Bi~ v o .[ exp [ - -  6, (Fo - -  1)] e o , Vo - -  t) f2 (X, 26~, 36i, t) dt, 
0 

Fo 

@ X t) f~(X, 6,, F~  Sexp[- -6 , (F~ ] o.(-~-, dr; 
0 

Fo 

| t) is the theta function defined by the relationship 

0 o (z, t) = i + 2 ~ (-- 1) k exp (-- ~k~t) cos 2nkz. 

(3 6) 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 
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It  mus t  be kept in mind that the s e r i e s  in the express ion  for  the theta-funet ion converges  poor ly  for  
smal l  values  of the t ime.  This  c i r cums tance  demands the expenditure of a significant amount of labor  in 
ca lcula t ions  for  smal l  Fo since in this case  it is  r equ i red  to re ta in  a l a rge  number  of t e r m s  in the s e r i e s  
in (43) to obtain a suff icient ly accura te  resu l t .  Hence,  following [2], let  us obtain a solution convenient for  
computat ions  for  smal l  Fo.  In pa r t i cu la r ,  for  the zero  approximat ion  let  us t r a n s f o r m  (37) as foilows: 

Vo(p, X) = v~ --.  V~ exp [--  j / :p(l  --X)] q- exp [--t'-p-(1 +X)]  
(p + 60 sh V P p + 61 1 - -  exp ( - -  2 ]/p-) 

v0 Bi, V~p - (44) 
~ ,  {exp [--  ~/p(1 - -X+2n) ]+exp[ - - t : p (1WX+2n) ] } .  

n = 0  

The invers ion  of (44) causes  no difficult ies 

where  

Vo (Fo, X) = Bi, v'o[ 3 (X, 61, Fo), 

Fo  

is (X, 61, Vo) = {1 - -  exp [--  6 i (Fo--  t)]} 2t V ~t 
0 

•  (1 + X + 2n)2]/ 
-]-exp [ : -4[ Jl dr" 

(45) 

n = 0  

Analogously t r ans fo rming  (38) and (39), and also keeping in mind that l a rge  values of the p a r a m e t e r  
p co r r e spond  to smal l  values  of the t ime ,  and the coth z is  p rac t i ca l ly  unity for  z > 2, the success ive  ap-  
p rox imat ions  for the t e m p e r a t u r e  function can be obtained in a fo rm convenient for  calculat ions with smal l  
Fo: 

v,(Fo, X)=- -B i~voh(X  , 6i, 26,, Fo), 
Voo (46) exp [-- 61 (Fo t)] i 

di, v a (Fo, X) = Bia L v~ ~ ~ V n (Fo -- t) [~ (X, 26,, 361, t) 
0 

whe re  
Fo 

h (X, 6i, 261, Fo)= f exp [--61 (Fo--t)] 
�9 V = ~ (Fo - -  t): h (X, 261, l) dr. 
0 

It  should also be noted that the approximat ions  cons idered  for  the t e m p e r a t u r e  function of a plate turn 
out to converge  welI only for  values  of the c r i t e r ion  Bi 1 -< 1. When Bi 1 > 1 the i tera t ion turns  out to be p o o r -  
ly convergent ,  where  the convergence  is  worse  the l a r g e r  the number  Bi 1. Hence,  it is  in te res t ing  to obtain 
a solution which would converge  well in the range of values  of Bi 1 > 1. To do this let  us uti l ize the folIowing 
t he rma l  s im i l a r i t y  cr i te r ion:  

H = hlx (0 "-%H --< NiL ~ = ah?t. 

The solution of the heat  conduction p rob lem for  a plate then reduces  to solving the different ial  equation (2) 
under  the boundary conditions 

Ov H=B~, = exp (--  1]:) i1 - -  (v)n=s~ ' ], (47) 
OH 

Ov H=0= 0, (48) 
OH 

vl~=o = v0 = const. (49) 

The L a p l a c e -  Carson  t r an s fo rm a t i on  conver ts  the boundary condition (40) into the following functional 

equation 

-- -- V~p - ch (, ~ - 1 ~ 1  B i l ) v o P  
A (p) + A (p -t- 1~1) P + 1~1 sh (V p-Bi,) P + 1~1 . (50) 
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0d 

0,2 
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r - -  

y 

R~ ~ t2 1,6 

Fig.  2. T ime var ia t ion  of the approx imat ions  of the 
d imens ion less  t e m p e r a t u r e  at the point X = 1 of a plate .  

The method of solving the functional equation (50) and all the p rob l ems  is analogous to that examined 
above. Hence,  without p e r f o r m i n g  the in te rmedia te  opera t ions  (they a re  obvious), le t  us p r e s e n t  the final 
exp re s s ions  for  the functions Vk(T , H) 

where  

; (" v o (% H)=  exp I - -  ~x (3 - -  f)] 0 o 2Bil Bi~ dr, 
0 

(51) 

vl (,, /4) ~- - -  -Bi-~- exp [--  131 (~ - -  t)J 0 o ,~ , Bi~ [~ (II, 2{31, t) dr, (52) 
0 

t 

~ . 1 
I) 

(an) 

t 

0 2Bi 1 ' Bi~" dq); (54) 

t 

f~ (H, 2~I~, 3f3~, "t) ---- exp [ - -  2~ ( t - -  9)] • Oo 2 ' Bi~ /r (H, 3131, 9) &P- (55) 

0 

Approximat ions  of the t e m p e r a t u r e  function on a plate su r face  (Fig. 2) have been computed for  the fo l -  
lowing values  of the a rguments  Bi 1 = 1.0; X = 1.0; d 1 = 1.0; v; = I on the bas i s  of (40)-(42). 

The r e su l t s  of the computat ion show t ha t  for  p rac t ica l  purposes  (as in the case  of the ha l f - space) ,  it 
is  poss ib le  to l imi t  onese l f  to the second approximat ion.  The dashed line has  been computed for  the case  of 
an invar ian t  hea t -exchange  coeff icient  (the ave rage  during the per iod  under considerat ion) .  The mean  value 
of the Blot c r i t e r ion  has  been defined by the method c u s t o m a r y  in this case  

F o  

Biav= -Fo 
0 

The computed mean value of the Blot c r i t e r ion  in the range 0 ~ Fo _< 2 is  0.432 (for 51 = 1.0). 

A compar i son  of the r e s u l t s  of a computat ion by the theory  elucidated and by a method uti l izing the 
mean  value of the Blot  c r i t e r ion  during the per iod  studied shows the poss ib i l i ty  of significant e r r o r  a p p e a r -  
ing in this l a t t e r  case .  

In conclusion,  let  us note yet  another  quite impor tan t  p rac t i ca l  case  of the t ime var ia t ion  in the hea t -  
exchange coeff icient  accord ing  to the harmonic  law 

a (t) = - ~  + (a.~ cos o)r~t + b,~ sin o)j), 

r  

which will be examined l a t e r .  
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T 
Tc 
v = T/Tc; 

(t) 
t 
r = ah~t; a 

hi 
H = hlx 

kn = a~ c~l; P 
fin = b / ah2 ;  
v~  = 1-voo;  
Io(z) 
Bi 1 = hlR 
2R 
51 = blR2/a; 
Fo = a t / R  2 
x = x / R  
v~ = i- v o. 

N O T A T I O N  

is the body tempera ture ;  
is the tempera ture  of the heat l iberat ing medium; 

are the heat exchange coefficients;  
is the t ime; 
are  the coefficients of tempera ture  conductivity; 
is the relat ive coefficient of heat exchange; 
is the relat ive thermal  res is t iv i ty  of a layer  of thickness X; 
are  the complex pa rame te r s ;  

are  the Bessel  functions of imaginary argument  of the f i rs t  kind; 
is the Blot cr i ter ion;  
is the plate thickness;  

are  the Four i e r  c r i te r ia ;  
is the relat ive coordinate;  

1. 

2. 
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